Let G be a graph with vertex set
Introduction
We refer to the book [4] for graph theory notation and terminology not described in this paper. Let G be a graph with vertex set V (G) and edge set E(G). A labeling f : V (G) → {0, 1} induces an edge labeling f * : E(G) → {0, 1}, defined by f * (xy) = |f (x) − f (y)| for each edge xy ∈ E(G). For i ∈ {0, 1}, let A cordial graph is a graph that admits a cordial labeling. Cordial labelings of graphs were introduced by Cahit [2] , who showed that (1) every tree is cordial, (2) K n is cordial if and only if n 3, (3) K r,s is cordial for all r and s, (4) the wheel W n is cordial if and only if n ≡ 3 (mod 4), (5) C n is cordial if and only if n = 2 (mod 4), and (6) an Eulerian graph is not cordial if its size is congruent to 2 modulo 4. Benson and Lee [1] described a large class of regular cordial windmill graphs. Du [5] investigated cordial complete k-partite graphs. Kuo et al. [12] determined all m and n for which mK n is cordial. Lee, et al. [14] exhibited some cordial graphs. Generalized Petersen graphs that are cordial are characterized in [7] . Ho et al. [8] investigated the construction of cordial graphs using Cartesian products and compositions of graphs. Shee and Ho [17] determined the cordiality of C (n) m , the one-point union of n copies of C m . Several constructions of cordial graphs were proposed in [13, [15] [16] [17] [9] [10] [11] .
Other results and open problems concerning cordial graphs are given in [3, 6] .
A graph G is defined to be uniformly cordial if every friendly labeling of G is cordial. That is, a graph G is uniformly cordial if whenever V (G) is partitioned at random into two subsets whose cardinalities are as equal as possible, then this induces a cordial labeling of G. For example, K 3 is uniformly cordial. Since K n , n 4, is not cordial, it is not uniformly cordial either. Proposition 1.1. The complete graph K n , n 2, is a uniformly cordial graph if and only if n 3.
Some preliminary results
We first determine all uniformly cordial complete bipartite graphs. Proof. Let G = K r,s , where 1 r s. First, assume that r = 1 and s is odd. Then s = 2k − 1 for some integer k 1. Let f be a friendly labeling of G, where V i is the set of vertices of G labeled i for i = 0, 1. Then |V 0 | = |V 1 | = k. Let u be the central vertex of G. Assume, without loss of generality, that u ∈ V 0 . Then m 0 (f ) = k − 1 and m 1 (f ) = k. Since c(f ) = 1, it follows that f is cordial. Therefore, G is uniformly cordial.
For the converse, assume that G = K 1,s for any odd integer s. We consider two cases. Case 1: G is a star. Then r = 1 and s is even. Let s = 2k for some integer k
follows that f is a friendly labeling of G. On the other hand, m 0 (f ) = k − 1 and m 1 = k + 1. Thus c(f ) = 2 and so f is not cordial. Therefore, G is not uniformly cordial.
Case 2: G is not a star. Then 2 r s. Let X and Y be the partite sets of G with |X| = r and |Y | = s. If r = s, then we define a friendly labeling f of G by assigning 0 to each vertex in X and 1 to each vertex in Y . Then m 0 (f ) = 0 and m 1 (f ) = r 2 . Since c(f ) = r 2 4, it follows that f is not cordial. Thus we may assume that 2 r < s. Partition V (G) into V 0 and V 1 such that V 0 | − |V 1 1 and X ⊆ V 0 . Define a friendly labeling f of G by assigning i to every vertex in V i for i = 0, 1. There are two cases.
Subcase 2.1: r + s is even. Then r + s = 2k for some integer k 2.
Therefore, G is not uniformly cordial in this case.
It will be useful to know that certain classes of graphs are not uniformly cordial.
Lemma 2.2. Let n 3. If G is obtained from K n−1 by adding a pendant edge, then G is not uniformly cordial.
Proof. Suppose that G is obtained from K n−1 by adding the pendant edge uv, where u ∈ V (K n−1 ). We consider two cases. Case 1: n is odd. Then n = 2k + 1 for some integer k 1. Partition V (K n−1 ) into V 0 and V 1 such that |V 0 | = |V 1 | = k and u ∈ V 0 . Define a friendly labeling f of G by assigning i to every vertex in V i for i = 0, 1 and assigning 1 to the
is not cordial. Case 2: n is even. The graph G is not uniformly cordial for n = 4 and n = 6. Friendly labelings of G that are not cordial are shown in Fig. 1 for n = 4 and n = 6.
For n 8, let n=2k, where then k 4. Now partition V (G) into V 0 and V 1 such that |V 0 |=|V 1 |=k and u, v ∈ V 0 . Define a friendly labeling f of G by assigning i to every vertex in and
Proof. Let M = {e 1 , e 2 , . . . , e }, where e i = x i y i for 1 i . We consider two cases. Case 1: n is odd. Let n = 2k + 1, where then k 2. Partition V (G) into V 0 and V 1 such that (1) V 0 | − |V 1 = 1 and (2) x i and y i both belong to V 0 or x i and y i both belong to V 1 for each i (1 i ). Define a friendly labeling f of G by
Since c(f ) = k + 3, it follows that f is not cordial. Case 2: n is even. Let n = 2k, where then k 3. There are two subcases. 
, it follows that f * is not cordial.
Which graphs are randomly cordial?
In an attempt to characterize all connected graphs that are uniformly cordial, we begin by showing that all connected graphs (of sufficiently large odd order) are not uniformly cordial. Proof. Assume, to the contrary, that there is a connected graph G of order n = 2k + 1 5 that is uniformly cordial. By Propositions 1.1 and 2.1 and Lemmas 2.2 and 2.3, we may assume that G is not the complete graph K n , the star K 1,n−1 , the graph K n−1 with a pendant edge, or K n − M for some matching M in G. Thus, there exists a vertex u in 
Graphs with odd order
f is a friendly labeling of G as well. We show that f is not a cordial labeling of G. There are two cases.
Since c(f ) 1 and 2 4, it follows that c(f ) 3.
Since c(f ) 1 and 2k − 2, it follows that c(f ) 3. In either case, f is not a cordial labeling of G, which is a contradiction.
Corollary 3.2. Let G be a connected graph of odd order n 3. Then G is a uniformly cordial graph if and only if
In Proposition 2.1, we determined all uniformly cordial bipartite graphs. Theorem 3.1 can be used to show that, with the exception of K 3 , there are no complete multipartite graphs that are not stars.
Proposition 3.3. For k 3, no complete k-partite graph different from K 3 is uniformly cordial.
Proof. Assume, to the contrary, that there is a complete k-partite G with G = K 3 that is uniformly cordial, where
..,n k , where n 1 n 2 · · · n k and n = n 1 + n 2 + · · · + n k . By Theorem 3.1, n is even. Let n = 2t for some integer t 2 and let X 1 , X 2 , . . . , X k be the partite sets of G such that |X i | = n i for 1 i k. We consider two cases.
Case 1:
Define a friendly labelingf by assigning i to every vertex in V i for i = 0, 1. Note that m 0 (f ) = (t − ) and m 1 (f ) = t . Since c(f ) = 2 4, it follows that f is not cordial, which is a contradiction.
Case 2: n 1 t. There are two subcases. Subcase 2.1: n 2 2. Partition V (G) into V 0 and V 1 such that (1) |V 0 |=|V 1 |=t and (2) X 1 ⊂ V 0 and X 2 ⊆ V 1 . Define a friendly labeling f by assigning i to every vertex in V i for i = 0, 1. By assumption, f is a cordial labeling of G and so
Since n 1 + n 2 − 2 2 and c(f ) 1, it follows that c(f ) 3 and so f is not cordial, a contradiction. Subcase 2.2: n 2 = 1. Hence n 1 t and n i = 1 for 2 i k. Since G is not a complete graph, n 1 2. This implies
3, implying that f * is not cordial. Therefore, in either case, G is not uniformly cordial.
Graphs of even order with diameter at least 3
We now know that if there is any uniformly cordial graph G that is neither K 3 nor a star, then G must have even order. We have seen in Proposition 1.1 that K 3 is the only complete graph that is uniformly cordial. Since complete graphs are the only connected graphs with diameter 1, we assume that all connected graphs under consideration have even order and diameter at least 2. In this section, we show that there exists no uniformly cordial graph of even order with diameter 3 or more. In order to do this, we first show that there are certain properties that no uniformly cordial graphs of even order may possess. N (u, v) . If the two nonadjacent vertices u and v under discussion are clear, then we simply write 
For two nonadjacent vertices u and v in a graph
Since a + b 2 and c(f ) 1, it follows that c(f ) 3. Therefore, G is not uniformly cordial. 
If u and v are adjacent, then
In either case,
Note that a − b 2k − 4 and so 2(k − 1) − a + b 2. Since c(f ) 1, it follows that c(f ) 3. Therefore, G is not uniformly cordial. The distance d (u, v) between two vertices u and v in a connected graph G is the length of a shortest u − v path in G. For a vertex u in a connected graph G, the eccentricity e(u) of u is the distance between u and a vertex of G that is farthest from u. The minimum eccentricity among the vertices of G is its radius rad G and the maximum eccentricity is its diameter diam G. 
Proof. Let
u and v be two vertices of G such that d(u, v) 3. Thus u and v are nonadjacent and N (u, v) = ∅. It then follows by Proposition 3.6 that G is not uniformly cordial.
Graphs of even order with diameter 2
By Corollary 3.7 no connected graph of even order with diameter 3 or more is uniformly cordial. We now consider connected graphs of even order with diameter 2. We first show that there are certain properties that no uniformly cordial graph of even order having diameter 2 may possess. Some additional definitions and notation will be useful. For a graph G and a set S of vertices of G, let G be the complement of G and let S be the subgraph of G induced by S. For two vertex-disjoint graphs G and H , let G ∪ H be the union of G and H and let G + H be the join of G and H . 
Since c(f ) = 4, it follows that G is not uniformly cordial.
Case 3: H is neither complete nor empty. Then H contains three vertices x, y, and z such that xy / ∈ E(H ) and xz ∈ E(H ). Consider the two nonadjacent vertices v and x in
There are two subcases. 
it follows by Lemma 3.4 that G is not uniformly cordial.
We now have the following corollary.
Corollary 3.9. Let G be a connected graph of even order n 4 with diam G=2. If G contains two nonadjacent vertices u and v with |N * (u)| + |N * (v)| 2, then G is not uniformly cordial.
Proof. Let n = 2k 4. We consider two cases. Proof of Claim 1. Since |N * (u)| + |N * (v)| = 1 and N * (u) = ∅, there exists exactly one vertex, say w, in F 2 that is adjacent to v in F 2 . All vertices of G that are adjacent to u are necessarily adjacent to v as well, that is, u and v are mutually adjacent to the vertices in A 1 . Likewise, u and w are not adjacent. Since v is adjacent to w but not to u, every vertex in A 1 is adjacent to w as well (see Fig. 2 ).
Since vw ∈ E(G) and v, w ∈ A 2 , it follows that F 2 contains K 2 . Assume, to the contrary, F 2 = K 2 . Then there exists a vertex x ∈ A 2 − {v, w} and vx / ∈ E(G). If x is adjacent to a vertex y ∈ A 2 , then N(x) = {y} ∪ A 1 and deg G v = deg G x; however, this is impossible since vx / ∈ E(G). So x is an isolated vertex in F 2 . Since ux / ∈ E(G), it follows that |N * (u)| + |N * (x)| = 1. This implies that x is adjacent to all but one vertex y in A 1 . Since (1) x is not Fig. 2 . A step in the proof of Claim 1. Fig. 3 . A graph G = P 3 ∪ 3K 1 in 3.10 for r = 1 and s = 3.
adjacent to v and w and (2) y is adjacent to v and w, it follows that |N * (x)| + |N * (y)| 2, which is a contradiction. Therefore, F i = A 2 = K 2 , as claimed.
By Claim 1, we have
and we have the desired result. Thus we may assume that F 1 is not complete. In this case, we have the following.
Claim 2.
If F 1 is not complete, then F 1 = (r − 1)P 3 ∪ sK 1 for some integers r 1 and s 0.
Proof of Claim 2.
Since F 1 is not complete, it follows that F 1 contains two nonadjacent vertices x and y, which implies that |deg G x − deg G y| = 1. Assume, without loss of generality, that deg G x = deg G y + 1. Hence there exists a vertex z ∈ A 1 such that yz / ∈ E(G) and xz ∈ E(G). Suppose that there is a vertex t ∈ A 1 − {x, y, z}. It cannot occur that tx / ∈ E(G) and ty / ∈ E(G); for otherwise, {t, x, y} is independent in G. Thus t is adjacent to at least one of x and y. which implies that it is adjacent to both x and y. Consequently, t is adjacent to z as well. That is, every vertex of A 1 different from x, y, and z is adjacent to all three of these vertices. This implies that F 1 = (r − 1)P 3 ∪ sK 1 for some integers r 1 and s 0, as claimed.
Therefore, G = rP 3 ∪ sK 1 , where r 1 and s 0. Fig. 3 shows a graph G of order 6 that satisfies the conditions described in Lemma 3.10. Observe that G = P 3 ∪ 3K 1 , where P 3 : v, u, w and V (3K 1 ) = {x, y, z}. 
Proof. First, assume that G satisfies (a). Then for vertices u, v, and w, whenever uv, vw /
∈ E(G), we have uw / ∈ E(G); for otherwise, N * (u, v) = ∅, contrary to hypothesis. This implies that G is a complete k-partite graph for some k 2. Since G is not a star, it follows by Propositions 2.1 and 3.3 that G is not uniformly cordial.
Next, assume that G satisfies (b). By Lemma 3.10, G = rP 3 ∪ sK 1 , where r 1 and s 0, and so n = 3r + s = 2k for some integer k 2. We consider three cases. 
Since c(f ) = k + 2r 4, it follows that f is not cordial. 3 in G and let r = k/3 . Partition V (G) into two subsets V 0 and V 1 with |V 0 | = |V 1 | = k such that V 0 consists of V (r P 3 ) and v 1 , or V 0 consists of V (r P 3 ) and {v 1 , v 2 }, according to whether k ≡ 1 (mod 3) or k ≡ 2 (mod 3). Define a friendly labeling f by assigning i to every vertex in V i for
In order to determine which of the remaining connected graphs of even order and diameter 2 are uniformly cordial, we first present two lemmas. where p 3, s 1, and p + s is even, then G is not uniformly cordial. {y 1 , y 2 , . . . , y s }, p + s = 2k 4, and e = x 1 x 2 . We consider two cases. 
, it follows that f is not cordial, a contradiction. 
Thus v ∈ X and each vertex in Y is adjacent to every vertex in N (u, v) = N (u). We first verify the following two claims.
Claim 1. X = {v, w}.
Proof of Claim 1. First we show that {v, w} ⊆ X. We already observed that v ∈ X. Since N * (v, u) = {w}, it follows that vw ∈ E(G) and uw / ∈ E(G). Thus v ∈ N * (w, u) and so |N * (u, w)| + |N * (w, u)| = 1. Thus w ∈ X. Hence {v, w} ⊆ X.
Next, we show that X ⊆ {v, w}. Assume, to the contrary, that X {v, w}. Then there exists x ∈ X − {v, w}. So x is not adjacent to u and |N * (u, x)| + |N * (x, u)| = 1. First, we show that x is adjacent to neither v nor w. Assume, without loss of generality, that x is adjacent to v. Hence w, x ∈ N * (v, u), which is impossible. We now complete the proof of Claim 1 by considering two cases.
Case 1: N * (u, x) = ∅. Then N * (u, x) = {z} for some z ∈ V (G). Thus z is adjacent to u and z is not adjacent to x. Consider the two nonadjacent vertices x and z. Since (1) z is adjacent to v and w and (2) x is adjacent to neither v nor w, it follows that v, w ∈ N * (z, x), which is impossible.
Case 2: N * (x, u) = ∅. Let N * (x, u) = {z }. Thus z is adjacent to x and z is not adjacent to u. If z is adjacent to v, then w, z ∈ N * (v, u), a contradiction. Thus z is not adjacent to v. Similarly, z is not adjacent to w. We now consider the two nonadjacent vertices v and x. Since w ∈ N * (v, x) and z ∈ N * (x, v), a contradiction is produced.
Therefore, X = {v, w}, which completes the proof of Claim 1. Since vw ∈ E(G), it follows by Claim 1 that X = K 2 . By Claim 2, we have Y ∪ {u} = rK 1 for some integer r 1. Let F = N (u, v) . Since each vertex in X ∪Y ∪{u} is adjacent to every vertex in F , it follows that G=(rK 1 
for every two nonadjacent vertices u and v in F .
Theorem 3.14. Let G be a connected graph of even order n 4 with
then G is not uniformly cordial.
Proof. Assume, to the contrary, that there exist connected uniformly cordial graphs of even order at least 4 with diameter 2 that satisfy (1). Among these graphs, let G be one of minimum order n=2k 4. By Lemma 3.13, G=(rK 1 ∪K 2 )+F for some integer r 1 and some graph F for which
We consider two cases. Case 1: F is disconnected. There are two subcases. Subcase 1.1: F is empty. Then F = tK 1 for some integer t 2 and so 
Let p = r + 2 3, q = t + 2 3, and let K p,q be the complete bipartite graph with partite sets X = {x 1 , x 2 , . . . , x p } and Y = {y 1 , y 2 , . . . , y q }. We may assume that p q and that G is obtained from K s,t by adding the two edges x 1 x 2 and y 1 y 2 . There are two subcases. 
and m 1 (f ) = pk + 1. Since c(f ) = p 2 9, it follows that f is not cordial, a contradiction.
Case 2: F is connected. There are two subcases. (2) of F . Let V (K 2 ) = {x, y}, where K 2 is the subgraph in G = (rK 1 ∪ K 2 ) + F (see Fig. 4 ). We consider two cases.
Subcase 2.1.1: F has odd order. Let V (F ) = 2p + 1 3 and |V (G) − V (F )| = 2q + 1 3. Since F = K 3 , it follows that F is not uniformly cordial. So there is a friendly labeling f of F that is not cordial. We may assume that U i is the set of vertices of Combining Corollaries 3.2 and 3.16, we now present a characterization of uniformly cordial graphs.
Theorem 3.17. A nontrivial connected graph G of order n is uniformly cordial if and only if
(1) n = 3 and G = K 3 , or (2) n is even and G = K 1,n−1 .
